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Abstract: In this paper we present a method to find the solution of time-delay optimal control systems using
Fourier series. The method is based upon expanding various time functions in the system as their truncated
Fourier series. Operational matrices of integration and delay are presented and are utilized to reduce the
solution of time-delay control systems to the solution of algebraic equations. Illustrative examples are included
to demonstrate the validity and applicability of the technique.
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I. Introduction

The control of systems with time delay has been of considerable concern. Delays occur frequently in
biological, chemical, transportation, electronic, communication, manufacturing and power systems [5]. Time-
delay and multi-delay control systems are therefore very important classes of systems whose control and
optimization have been of interest to many investigators [2-6]. Orthogonal functions (OFs) and polynomial series
have received considerable attentions in dealing with various problems of dynamic systems. Much progress has
been made towards the solution of delay systems. The approach is that of converting the delay-differential
equation govering the dynamical systems to an algebraic form through the use of an operational matrix of

integration . The matrix  can be uniquely determined based on the particular OFs. Special attentions has been
given to applications of Walsh functions [3], block-pulse functions[12], Laguerre polynomials [6], Legendre
polynomials [7], Chebyshev polynomials[4] and Fourier series [9]. The available sets of OFs can be divided into
three classes. The first includes a set of piecewise constant basis functions (PCBFs) (e.g. Walsh, block-pulse,
etc.). The second consists of a set of orthogonal polynomials (OPs) (e.g. Laguerre, Legendre, Chebyshev, etc).
The third is the widely used set of sine-cosine functions (SCFs) in the form of Fourier series. In this paper we use
Fourier series method to solve time delay control systems. The method consists of reducing the delay problem to
a set of algebraic equations by first expanding the candidate function as a Fourier series with unknown
coefficients. These Fourier series are first introduced. The operational matrices of integration, delay and product
are given. These matrices are then used to evaluate the coefficients of the Fourier series for the solution of time
delay control systems.

I1. Fourier series and their properties:
2.1. Expansion by Fourier series:

A function f (t) belongs to the apace L2[0, L] may be expanded by Fourier series as follows[11]:

f(t)y=a, + Z{ancosznT7Zt + a:sinznTﬂt}, 1)

n=1
where

1 eL
8, = - jo f (t)dt,

an:EILf(t)coszr]—ﬂtdt, n=1,23...,
Lo L

a =2 [t Osin ™ dt, n=123,..
Lo L

By truncating the series (1) up to (2r + 1) th term we can abtain an approximation for f (t) as follows:
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f(t) ~ a, + D {a,¢, (1) +a,¢, (0} = AT4(1) )
n=1
where
A=][a,,a,,a,,...,3,,3a,,48,,...,a |,
#(1) = [4, (0, 4 (1), 4, (V). ... &, (1), &y (), &, (0), -, 6, (O], ©)
and
@, (t) = cosznTﬂt, n=0,12,...,r,
¢ (t) = sinznTﬂt, n=1,2,...,r.
It can be easily seen that the elements of ¢(t) ininterval (O, L) are orthogonal.
2.2. Operational matrices of integration, product and delay:
The integration of ¢@(t) in (3) can be approximated by ¢@(t) as follows:
t
[#(s)ds ~ Pg(t)
where P is the operational matrix of integration of order (2r +1) x (2r +1) and is given by[8,10]:
%9 0o .0 o 22 -1 -1
2 T 2 (r-Dz rx
0 0 0O ... 0 O L 0o ... 0 0
: 2r :
0 0 0 .0 0 0 0
2(r-)x
p=L| O 0 0 0 O 0 0 0 1
rrwr
Lo 0 0 O 0 0 0
T 2r
L 0 -1 0 O 0 0 0 0
7 4z : .
L 0o 0 0=t o o 0 0
2rr 2rr
Furthermore we have:
& bt bbb - bod:
hdy @ 4o b .. bd;
dOP )=\ bty b . & B . BS “)
*2

bty Hh . o b . 44

* * * * ok *2

¢r ¢0 ¢r ¢1 ¢r ¢r ¢r ¢1 ¢r
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one can esealy show that @(t)¢" (t)A = /&¢(t) where A is called the product operational matrix for the so

called vector A in (3) and is given:

a, a, a, o a, a,
la1 a0+1a2 l(a1+a3) L la ) 1a; 1(a1*+a;*)
2 2 " 2 2

Za, 1(a1+a3) a0+1a4 1a ) l(a;—af) laz

27 2 2 272 2% 2
1 1 1 1. 1.
R=lod  S3a Sz e 5 8m 5

la: ia; l(a;_a:) _la*l d—5a, (a1_a3)

2 2 2 2" 2

la; l(a;"'a:) la: _la*z 1(al_as) ao_la4

2. 2 . 2. 2.r7 2 . .2

la* ia* ia* . 0 1a ia

2 " 2 2 2T 2 2 7

By integrating of (4) and considering the orthogonality components of @(t) we have:

E = [ 49" (Ot
where
1

1/2 0
E=L 1/2

1/2 (2r+1)x(2r+1)
Now we are going to derive operational delay matrix. From calculus we know that:
sin(a + ) = sinacosf + cosasing,
cos(a * ) = cosacosp F sinasing,
so if 7 is any delay(or lag) for the functions ¢(t) and ¢" (t) then we have:
2nat,
=0,
. 2nat, .« . 2nat
(£ =) = 005(= =)y () = Sin(= ) 0.

§(t-7) = cos ), (1) + sin

(2r+1)x(2r+1)

©®)

(6)

Now it is esealy to show that ¢(t —7) = D, ¢(t), where D, is delay operational matrix and have the

following form:
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1 0 0 0 0 0
0 cos(zﬂ) 0 . 0 sin(zﬂ) 0
L L
0 0 cos(4£) 0 0 sin(4£) 0
. . . L . . . . L . .
0 0 0 cos(erm) 0 0 sin(erm)
D, =
0 - sin(zTﬂT) 0 0 cos(ZTm) 0 0
0 0 - sin(4ﬂ) .. 0 0 cos(4£) 0
. . . L . . . . L . .
0 0 0 e — sin(zr—m) 0 0 cos(zr—m)
L L
I11. Problem statement
Consider the following quadratic time-independent delay control system:
min - %XT (t, )Sx(t, ) +% [T OQx() +u” ©Ru() ot @
st X(t) = Ax(t) + Bx(t—7) + Cu(t) + Du(t—7), 0<t<L, (8)
X(0) = X,, 9)
x(t)=0(@t), —r<t<0, (10)
ut) =w(), —r<t<0, (11)

(For the time being, assume that the matrices A, B,C, D are constant but the result can be extended to time
varying systems by appropriate changes) where R is symmetric positive definite and Q,S are positive
semidefinite matrices, X(t) € R, u(t) € R® are state and control vectores respectively and A, B,C, D are
matrices of appropriate dimensions, X, is a constant specified vector, and O(t),y(t) are arbitrary known
functions. The problem is to find X(t) and u(t), O <t < L, satisfying (8)-(11) while minimizing (7).
Assume that

X(t) = XTgt),  where X =[Xg, X, Xpreees X, 3 Xy 3 Xgyenn X, 1T,

ut) =UTg(),  where U =[u,,u,,u,,...,u,,u,,u,,...,u],

x(0) = X, ¢(1), where X, =[x(0),0,0, ...,00,...,0]".
Due to (10), in —7 <t <0 we have X(t) = @(t) so for 0 <t <7 and consequently for —7 <t—7 <0 it

is true to have X(t —7) = @(t — ) = G" §(t), where G" is the Fourier series coefficient of &(t — ) . Now
we have

_ -7
Xt-r) =200 =G 90, O<t<r ”
XTg(t—7)= X"D,g(t), r<t<L
and by the same approach with respect to (11)
f— = T
uit—-r)= l/lgt r)=H ¢T(t), 0<t<r -
U'gt-7)=U D.g(t), z<t<L

The integration of (8) from O to t and using of (9) gives
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I;X(s)ds = Aj;x(s)ds +B jotx(s —7)ds+C jO‘u(s)ds +D j;u(s —7)ds, (14)
or equivalently
x(t) = x(0) = Aj;x(s)ds +B[X(s-7)ds+B j:x(s —7)ds
+C j;u(s)ds +D[u(s—)ds+D j:u(s —7)ds. (15)
Now, from (12) and (13) we have:
j:x(s —7)ds = L‘xT D_4(s)ds = j;x "D, ¢(s)ds - [ XD, g(s)ds
= X"D,Pg(t) - X DZg(t)
I:u(s —7)ds = jtu "D, ¢(s)ds = j;u "D, ¢(s)ds - [UT D, g(s)ds
=UTD,Pg(t)-UTD,Zg(t)

[[#dt =Zg(t) (16)
where
er 0 ..00O0..0
. T
—sin(— 0
- sm( 3 )
Zrm'
7= 2r (—) 0 ... 00 .. O. an
—(1—cos(—)) 0 00 0
2r e
—(1 cos(—)) 0 0O 0 .. 0

Thus (15) reduces to

X T¢(t) - Xg¢(t) = AX' Pao(t) + BGTZ¢(t) +BXT D,Pg(t) — BX T D, Zg(t)
+CUT Pg(t) + DH T Zg¢(t) + DU T D,Pg¢(t) — DU T D, Z4(1). (18)
By deleting ¢(t) from both sides of (18) and ordering we conclude that:

C'=XT —Xg —AXTP—BGTZ—BXTDTP+BXTDTZ

—CUTP—DHTZ—DUTDTP+DUTDTZ=O (19)
By substituting the Fourier series in ( J ) we have
1 1 ¢t
= 2" (L)XSXTg(t, )+ [ 8T (OXQXT (1) + 4" (URUT (1) (20)

The optimal control problem has now been reduced to a parameter optimization problem which can be stated as
follows. Find X and U so that J(X,U) is minimized subject to the constraints in Eqg. (19).
Let

J*(X,U,Z):J(X,U)+/1TC* (21)
where the vector A represents the unknown Lagrange multipliers, then the necessary conditions for stationary
are given by

O (XU =0
X
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2 3 (X,U,2)=0

ouU
9 37 (XU, 2)=0 (22)
aﬂ/ ) )

Remarkl. Note that if delays in state and control vectors aren’t the same, then solving the system is the same as
previous but we have two or more delay operational matrices.

IV. lllustrative Examples:
In this section two examples are given to demonstrate the applicability, efficiency and accuracy of our
proposed method.

4.1. Example 1:
Consider the following system [13]

min J= % [0 ) +u? et 23)
st X(t) = x(t-1)+u(t), 0<t <2, (24)

x(@t) =1, -1<t<0.
Here, we solve the same problem by using of Fourier series. Note that in third example delay is applied on state
only, and 7 = 1. Suppose that

X(t) = XTg(t), ut)=UTg(t), x(©O) = X, é(t),

where X T,UT,#(t), X, are defined previously. If we integrate (24) from O to t and use (12)-(13)we have
t t t
on(s)ds = Jox(s -1)ds+ J'Ou(s)ds
_ 1 t t
= Lx(s —1)ds+ Lx(s —1)ds+ Lu(s)ds,

and we have
t t 1

Lx(s -1)ds = jox(s —1)ds-— Jox(s —1)ds,
so we obtain

X T p(t) — Xg¢(t) =G 'Zg(t)+ X" D, Pg(t)- X T D,Zg(t)+U TPa(t).
By deleting ¢(t) from both sides and ordering we conclude that:

c'=XT —XJ —GTZ—XTDTP+XTDTZ—UTP =0
By substitution the Fourier series in (23) for J we have

3= [AXTp)g" X +UTg()g" (Ut

= X"EX +UTEU,
where E is defined in (6). Thus we have redused the system as follows

min J=X"EX +UTEU

Sto C*:XT—XJ—GTZ—XTD1P+XTDTZ—UTP=O
Approximate solutions of X(t),u(t) with r =25 are shown in Fig.1. The value of J is 1.62421313.
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Control u(t)
State x(t) A\ A
‘|'| 02 04 086 08 1 12 14 16 18 [l2
14 J | o PYAY \
f A v
v."”“' ‘ 42 ,f'_/-"”"'( 4 ‘
Jx". 24 4 ‘
1.2 / |
06
08 -‘_‘.f'/ i
d .y
1 ;"ﬂ(‘
a2 =4
| ;‘"‘1 / .\,.-“]
0.8 Ivn‘ 1]\ < J‘ ; :‘/
AN 141 (
- I
0 02 04 06 08 1 12 14 16 18 2 167 l\lf L
t I
Figure 1: State vector x(t) and control u(t) for r=25 in Example 1
4.2. Example 2:
Consider the following system [8,13]
. 1, 1,
min 1=3 jo 4 (0 +5 u* ()t (25)
. 1
st X(t) = =x(t) + x(t —1/3) + u(t) — Eu(t -2/3), 0<t <1, (26)

X(t) =1, -1<t<0,
u(t)=0, —2/3<t<0.

Here we have different delays in state( 7, = 1/3) and control( T, = 2/3). Suppose that
x(t) = XTg(t), u®)=UTg(t), x©) = Xg4(t),

where X ",UT,4(t), X, are defined previously. If we integrate (26) from O to t and use (12)-(13) we have

[ix(s)ds = [ x(s)ds + I;x(s—%)ds+ [i u(s)ds—% j;u(s—g)ds
X(t) - x(0) = ~[ x(s)ds + Ex(s - %)ds + Ex(s —%)ds +[u(s)ds

R N
-5 jou(s s> jiu(s s,
SO we obtain
XTh(t) - Xq (1) = =X P(t) + X Z, (1) + X7 D, Pa(t) - X' Df121¢(t)
+UTP¢(t)—%UTDT2P¢('[)+%UTDTZZZ¢(t)

By deleting ¢(t) from both sides and ordering we conclude that:
cC'=X" - X, +XTP—X321—XTDT1P+XTDTlZl

—UTP+%UTDTZP—%UTD,ZZZ =0,

By substitution the Fourier series in (23) for J we have
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_ 1 T T 1 T T
= [£XT)¢" X +5U ¢ (U3t

- Lxex+iuTeU),
2 2

where E was defined in (6). now we have redused system as follows
. 1 1
min J=E(XTEX+EUTEU)

st C =XT-X,+X'P-X/Z,-X'D,P+X'D,Z
1 1

—UTP%UTDTZP—%UTD,ZZ2 =0

Approximate solutions of X(t),u(t) with r =25 are shown in Fig.2. the value of J is 0.35944042 (In [3],

the value of J is 0.3731).

Control u(t)

Faal ]p_‘ State x(t) - ; ‘."';
[ ’ NV
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- R~ / 08 3
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' 02 o4 . 06 os 1 1: 02 OO 1
Figure 2: State vector x(t) and control u(t) for r=25 in Example 2
4.3. Example 3:
Consider the following system[1,3]
. 3
min J= jo{xz (t) + u?(t)}dt @
st X(t) = x(t-2u(t—2), (28)

x(t) =1, -1<t<0,
u(t)=0, —2<t<0,

Here, the delays are 7, = 1 for state and T, = 2 for control vectors, respectively. Suppose that

X(1) = XTg(t), ut)=UTg4(t), x(0) = X;4(1),

where X T, UT, g(t), X o are defined previously. With respect to (12) and (13) we have

_0(t-1) =GTg(t) = X,p(t), 0<t<1
XD =9 gt -1) = XTD, 4(1),  1<t<3
O<t<?

~ w(t-2)=0,
u(t-2)= UTg(t-2)=UTD, 4(t), 2<t<3

If we integrate (28) from O to t then

ISX(s)ds - J:x(s “1u(s—2)ds

= J'le(s—1)u(s—2)ds+fx(s—1)u(s—2)ds+J'2tx(s—1)u(s—2)ds

By substitution the Fourier series and simplifying, we obtain
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XT4(t) = X #(t) = [[X3 #(s)0]ds + [ XD, ¢(s)0]ds + [[X "D, #(s)U"D, 4(s)]ds,

since we have u(t—2) =0, 0<t <2.Now we have
XTg(t) - X3 (1) = [[X"D, 4(s)U D, f(s)]ds
= [[X"D,_4(sU D, 4(s)]ds - [[X "D, 4(sUTD, 4(s)]ds

= XD, [[4(s)¢" (5)D},Ulds~ XD, [T¢(s)¢" (5)D,UTds @)
Assume that DTTZU =U,, thus (29) reduces to
C'=X"-X;-X"D,UP+X'D,U,Z=0 (30)
By substitution the Fourier series for J we have
3= [{XTg)¢ ()X +UT 44" (U3t = X EX +UTEU, (31)

where E is defined in (6). So the delay optimal control (27-28) now is reduced to the following optimazation
problem

min J=XTEX+UTEU
st C"'=X"-X]-X"D,UP+X"D,U,Z=0
Approximate solutions of X(t),u(t) with r =30 are shown in Fig.3. the value of J is 2.3496 while the

2
o 3e +1
exact value is 5 .
e +1
State x(t) Control u(t)
\ A
\ A
04 Al
\ JV v
095 \
02
\
n', i\'\ ~/
‘\ 05 1./ s ) 25 3
\ )
085 \ t
4 02
0.8 i ] I /
W ".;".wi g
04 \J
075 il
‘I,“.v.
07 06 ‘ \
1 [
0 05 1 15 2 25 3 il
i 08|
)

Figure 3: State vector x(t) and control u(t) for r=30 in Example 3

V. Conclusions
Using Fourier series, a simple and computational method for solving time delay optimal problems is
considered. The method is based upon reducing a nonlinear time delay optimal control problem to an nonlinear
programming problem. The unity of the function of orthogonality for Fourier series and the simplicity of
applying delays in Fouries series are great merits that make the approach very attractive and easy to use.
Although the method is simple, by solving various examples, accuracy in comparison of the other methods can
be found.
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